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Abstract

This essay deals with a simple model of a population containing sexually and asex-
ually reproducing individuals. It is written as an extra-curricular supplement to Dr
Leo Grijndvar’s first lecture on Gynogenesis.

In the model, the asexual reproduction is assumed to be of the gynogenic variety,
which differs from the more well known parthenogenesis in crucial way: whereas in
parthenogenesis, the female can breed new clones without the involvement of a male,
the gynogenetic female needs a male to start the reproduction, but the resulting
offspring is still a clone.

The model is by design simplistic and gradualist: there are no collapses, no
catastrophes, no bifurcations, no chaos, no punctuated equilibria, and no dialectics
– neither Hegelian nor Marxist – but only a steady decline toward homogeneity and
extinction. This is certainly a weakness, and in many ways boring, but the model is
not meant to be exhaustive, but to highlight certain aspects of gynogenetic dynamics
in a simple and understandable framework.

Indeed, the simple nature of the model may make it suitable as an exercise in
evaluating underlying assumptions of models in general: When do the assumptions
apply? Which assumptions are the most restrictive? What could possible conse-
quences be, if they were relaxed? In the second part of the essay, one such relaxation
is explored briefly.

1 A simple gynogenetic model

Assume a population with proportions of gynogens (g), females (f ) and males (m) obey-
ing the following assumptions:

1. all who can reproduce, do reproduce every generation (i.e. selection is neutral)

2. gynogens and females have the same number of offspring per individual

3. males never run out of sperm

4. the population is very large, motivating a continuum approach

5. other assumptions

The proportion of gynogens in generation t (gt), is then proportional to the propor-
tion of gynogens in the preceding generation (gt−1). Likewise, both female and male
proportions in generation t (ft and mt respectively) are proportional to the proportion
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of females in the previous generation (ft−1), with gender ratios determined by some
constant pf .

This model can be written:

gt =
gt−1

gt−1 + ft−1
, (1)

ft =
ft−1 pf

gt−1 + ft−1
, (2)

mt =
ft−1 (1− pf )

gt−1 + ft−1
, (3)

for discrete generation times t ≥ 1 with:

g0 = G0, (4)

f0 = F0, (5)

m0 = M0, (6)

and G0 + F0 +M0 = 1, for some proportion of female offspring pf ∈ (0, 1). Further, it is
required that M0 ∈ (0, 1) and both G0 and F0 ∈ [0, 1).

The denominator in Eqs. (1)–(3) is a normalisation, assuring that the sum of the
sub-fractions always amounts to 1. This is equivalent to the assumption of a large,
but constant population.

Given this model, it can then be shown by mathematical induction, that:

gt =
G0

G0 + F0 p
t−1
f

, (7)

ft =
F0 p

t
f

G0 + F0 p
t−1
f

, (8)

mt =
F0 p

t−1
f (1− pf )

G0 + F0 p
t−1
f

. (9)

Hence, for any finite G0, gt → 1 and ft → 0 as t → ∞, because ptf → 0. Likewise
mt → 0 for t→∞, which implicitly means that gt will collapse to 0 after an infinite time,
when the last infinitely virile males have all died, presumably from sexual exhaustion.
It is worth pointing out, that the initial proportion of males, M0, does not enter Eq. (9).
This is a consequence of assumption 4 above, of a very large population; for finite
populations equilibration would not be instantaneous. Results for an illustrative set
of parameters are presented in Fig. 1.

For completeness it can be noted, that inserting G0 = 0 into Eqs. (7)–(9) yields the
proportion of females ft → pf .1

2 Sexual deviations

One of the obvious weaknesses in the model above, is assumption 3: the assumption
that sperm is never scarce, no matter how small the proportion of males is (as long as

1and, of course, mt → 1− pf .
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it is non-zero). Relaxing this assumption, by assuming that every male individual can
sire at most C offspring, introduces some interesting new concepts to the model.
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Figure 1: Illustration of the gender proportions given by Eqs. (7)–(9), and the results of
the relaxed assumptions discussed in Sec. 2, for G0 = 0.01, F0 = 0.618, pf = 0.618 and
C = 1000.

First of all, this introduces a new timescale to the process. As long as Cmt ≥ gt+ft,
the sperm is not scarce, but for Cmt < gt+ft, this no longer holds, and the population
will eventually decline. Given the assumption of very large population (assumption 4),
this decline will not be evident in the model, but the time after which this is relevant
can still be calculated:

Cmt = gt + ft ⇒ C F0 p
t−1
f (1− pf ) = G0 + F0 p

t
f ⇒ pt−1f (C (1− pf )− pf ) =

G0

F0
⇒

Tscarce =
lnG0 − lnF0 − ln (C (1− pf )− pf )

ln pf
+ 1. (10)

When t � Tscarce, the model starts to break down, and selection might be better
modelled using i.e. branching processes, but we will continue considering the simple
model, knowing that it gives a too optimistic prognosis for the fate of the population
under study.2 As a reference, the values G0 = 0.01, F0 = 0.5, pf = 0.5 and C = 1000
predicts Tscarce ≈ 16.

Another interesting timescale is the time after which there is danger of extinction.
This can happen when there is a chance that all male individuals mate with gyno-
genetic females, hence producing no male offspring bringing about a total collapse
after the next generation. This can be quantified as Cmt ≤ gt, leading to the timescale:

Cmt = gt ⇒ C F0 p
t−1
f (1− pf ) = G0 ⇒ Tdanger =

lnG0 − lnF0 − lnC(1− pf )

ln pf
+ 1. (11)

2as it turns out, extinction will likely occur before the model breaks down

3



We can see that Tdanger ≥ Tscarce, and hence it should be regarded as an estimate,
and not as absolute, since it is based partially on assumptions that may not hold at
that late a time.3 continue, and calculate an estimate of the probability of extinction,
semi-valid for times t > Tdanger. As is often the case, it is easier to first estimate
the probability of survival. This is given by the probability that at least some males
will mate with females, producing male offspring, or Psurvive = Cmt ft (1 − pf ). The
probability of extinction in then:

Pextinct(t) = 1− Psurvive(t) = 1− Cmt ft (1− pf ) = 1−
C F 2

0 p2t−1f (1− pf )
2(

G0 + F0 p
t−1
f

)2 . (12)

Finally, we can calculate the expected survival time:

Textinct =

∞∑
t=Tdanger

t Psurvive(t)

∞∑
t=Tdanger

Psurvive(t)
≈

∞∑
t=Tdanger

t p2t−1f

∞∑
t=Tdanger

p2t−1f

= Tdanger +
p2f

1− p2f
. (13)

where the geometrical summation was carried out, after the simplification G0+F0 p
t−1
f ≈

G0, valid for large t. The different timescales are indicated in Fig. 1, for a set of param-
eters not entirely ridiculous.

The result for the extinction time may be counter intuitive:

• the difference Textinct − Tdanger is a function of pf alone, and notably does not
depend on C,

• the difference, for reasonable values of pf , is very small; e.g. pf = 0.5 ⇒ Textinct =
Tdanger + 1/3 and pf = 0.9⇒ Textinct ≈ Tdanger + 4.3.

That is to say, the prediction is that when sperm is scarce enough for extinction to
be possible, it will happen within very few generations. This is, however, consistent
with exponential growth and decay, and the reason – though elusive – why it seems
counter intuitive is likely the same reason that makes the “peak [insert commodity]”
phenomenon is so easy for capitalists and the like to ignore, despite it being very real:
When scarcity is upon you, exponential growth is death.

As a final remark, it should be pointed out that time to extinction in generations,
is remarkably short. This simple model cannot account for the stable populations of
gynogens seen in nature, some thought to be at least any thousand generations old.
The model illustrates the conundrum inherrent in gynogenetic reproduction, but does
not provide an answer to the riddle. What assumptions may have to be relaxed, and
what additional assumptions may be needed? Discuss!

3this concern is quite unjustified, because the difference between the two times is negligible for any
reasonable value of pf
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